ABSTRACT. In this paper we study the large-scale geometry of 3-manifolds M for which H 2 b (π 1 (M )) is nontrivial. If the geometrization conjecture were true, this class would include every 3-manifold with π 1 (M ) infinite. This paper is part of a program to extend Thurston's geometric theory of Haken 3-manifolds to this much broader class, as an intermediate step towards the geometrization conjecture.
As stated in the abstract, in this paper we introduce some ideas and theorems which initiate a program to extend Thurston's geometrization theorem for Haken 3-manifolds to 3-manifolds with nontrivial second bounded cohomology. Roughly speaking, the class of such manifolds which we consider in this paper are the analogues of 3-manifolds fibering over S 1 . At the same time, our objects and methods represent a natural generalization of some elements of the theory of taut foliations of 3-manifolds. A 1-cochain s : π 1 (M ) → R with bounded coboundary defines an approximate "foliation" of M by the level sets of s. An element α for which s(α) ≫ |δs| -an unambiguously positive element -pairs positively with de Rham currents supported by this approximate foliation, and makes it look like the universal cover of a taut foliation. The central outstanding question regarding this metaphor is that of whether the coarse connected components of such a 1-cochain s are coarsely simply-connected or not. This would be the analogue in our context of Novikov's theorem that leaves of a taut foliation are incompressible. In view of the recent announcement by Roberts, Shareshian and Stein [22] that there exist infinitely many hyperbolic 3-manifolds that do not admit taut foliations, we consider it an especially pressing concern to extend the theory and methods of taut foliations and essential laminations to a broader and more inclusive class of 3-manifolds.
The quotient space of M by the connected components of the level sets of s is an Rtree T which admits a quasi-action by π 1 (M ). Quasi-actions on bushy trees are studied by Mosher, Sageev and Whyte in [20] and [21] . But in this paper we study the case that T is R. A 1-cochain with bounded coboundary is weakly uniform if the coarse level sets are coarsely connected, and uniform if the coarse level sets are coarsely connected and coarsely simply-connected.
The main theorem we prove is the following: The definition of a coarse pseudo-Anosov package is given in section 6; roughly, there is an action of π 1 (M ) on H 2 preserving a pair of transverse very full geodesic laminations Λ ± which admit approximately projectively invariant transverse measures, and an automorphism Z : H 2 → H 2 such that M is coarsely quasi-isometric to the iterated mapping cylinder of Z on H 2 .
This paper is a reworked and greatly expanded version of the last section of [6] . Since this preprint appeared, several people have done some work on the program alluded to above, including Joseph Masters and Baris Coskunuzer. I thank them both for interesting communications related to this material.
BOUNDED COHOMOLOGY AND COARSE CONNECTIVITY
2.1. Group cohomology. For the convenience of the reader, we recall the usual definitions of group homology and cohomology. Definition 2.1. Let G be a group. Define C n (G) to be the free abelian group generated by n-tuples (g 1 , . . . , g n ) with g i ∈ G. The boundary map
is defined by the formula ∂(g 1 , . . . , g n ) = (g 2 , . . . , g n ) + n−1 i=1 (g 1 , . . . , g i g i+1 , . . . , g n ) + (−1) n (g 1 , . . . , g n−1 )
One can check that ∂ 2 = 0, and therefore we can define the (group) homology of G, denoted H n (G), to be the homology of the complex (C * (G), ∂ * ).
Let R be a coefficient ring, and define C n (G; R) = Hom(C n (G), R) and
to be the adjoint of ∂. Then (C * (G; R), δ * ) is a complex, and we denote its homology by H * (G; R), the (group) cohomology of G with R coefficients. (π 1 (M ); R) is infinite dimensional. In fact, the same is true if Γ is merely a nonelementary word-hyperbolic group, by a theorem of Gersten ([14] ). A construction of a nontrivial c ∈ H 2 b (π 1 (M ); R) is as follows. Let γ be a simple closed geodesic in M , and α a 1-form on M positive on γ ′ . Pick some point p ∈ γ. Then for ν ∈ π 1 (M ), define s(ν) = lν α where l ν is the geodesic loop in M , based at p, in the homotopy class corresponding to ν. If µ ∈ π 1 (M ) is any other element, (δs)(ν, µ) is equal to the integral of dα over the geodesic triangle with sides (l ν , l µ , l νµ ). Since |dα| is uniformly pointwise bounded on M , and the area of any geodesic triangle in a hyperbolic manifold is bounded by π, δs is a bounded 2-cochain. On the other hand, s(γ n ) = ns(γ) which is unbounded for large n.
Example 2.4. A generalization of the previous example is the theorem of Bestvina and Fujiwara from [2] which says that if Γ acts in a non-elementary fashion by isometries on a δ-hyperbolic metric space X, then H 2 b (Γ; R) is infinite dimensional. For example, Γ might be the mapping class group of a hyperbolic surface Σ, and X might be the complex of curves of X.
Coarse k-connectedness and large-scale k-connectedness.
Definition 2.5. Let X be a metric space and Y a subspace. Y is coarsely connected if there is a δ such that N δ (Y ), the δ neighborhood of Y in X, is connected. Y is coarsely k-connected if for every δ there is a µ such that every map σ : S n → N δ (Y ) can be contracted in N µ (Y ).
A similar notion of large-scale k-connectedness is introduced in [17] , where one says a metric space is large scale k-connected if every thickening is contained in a k-connected thickening. Our notion differs slightly in that the thickenings must be contained in a fixed ambient space.
Let M be a 3-manifold. The action of the deck group lets us identify π 1 (M ) with the orbit O(p) of some point p ∈ M . Suppose s : π 1 (M ) → R is a 1-cochain. We pick a path metric on M and pull it back to define a path-metric on M . Then we can define s : O(p) → R via this identification, and extend s to some continuous s : M → R in such a way that for some bounded function f : [0, r] → R with f (t) → 0 as t → 0, where r is the injectivity radius of M , and any q ∈ M for which d(q, α(p)) ≤ t ≤ r, then |s(q) − s(α)| ≤ f (t). We say an extension s with this property is controlled. 
Proof: Two path metrics on M are quasi-isometric, and define quasi-isometric path metrics on M . The property of a subspace Y ⊂ X of being coarsely connected or coarsely simply connected only depends on the quasi-isometry type of X. Now let I 1 , I 2 be any two intervals in R. We will show that the subsets S i = s −1 (I i ) are a finite Hausdorff distance apart, as closed subspaces of M . Choose some α ∈ Γ for which s(α) > |δs|. So in particular, there is a constant c 1 = s(α) − |δs| for which
We choose an n such that
for all a ∈ I 1 . Now suppose q ∈ S 1 . Without loss of generality, s(a) ≤ I 2 . Then there is a path from q to β(p) of length at most r, and
Now, we can join β(p) to βα n (p) by a path of length nc 2 . Let γ be the union of these two paths, from q to βα n (p). By choice of α, we know
and therefore γ intersects S 2 . On the other hand, the length of γ is bounded by r + nc 2 . This proves the claim. In particular, S 1 is contained in N t (S 2 ) for some t, and vice versa. Now, it is clear that if s 1 , s 2 are two controlled extensions of s, that s −1
for some I ′ containing I. In particular, one subset is coarsely k-connected iff the other is. A similar argument shows that varying the choice of basepoint gives rise to level sets which can be mutually engulfed in appropriate t-neighborhoods of each other.
Finally, if we substitute s → s + c for some bounded 1-cochain c, then
for constants t, r (which depend on s, c, I) and therefore two cochains which differ by a bounded 1-cochain define the same level sets, up to finite Hausdorff distance, and these coarse level sets, and the property of being weakly uniform and/or uniform, only depend on the class of δs in
The only non-trivial part of the proof is the existence of an α as above, which uses essentially the fact that δs is a bounded cochain. This is a very useful property, and we make the following Definition 2.8. Let s be an unbounded 1-cochain on Γ whose couboundary δs is a bounded 2-cocycle. An element α ∈ Γ is unambiguously positive if s(α) > |δs| and unambiguously negative if s(α) < −|δs|. Let Γ + denote the subset of unambiguously positive elements, and Γ − the subset of unambiguously negative ones.
Notice that the definition of δs implies that Γ + is closed under multiplication, and so is Γ − . Though we supress it with our notation, the definition of Γ ± clearly depends on s. Notice too that 3-dimensionality was irrelevant to the proof of the previous lemma.
2.3.
Bieri's geometric invariants. Let M be a 3-manifold, and K ⊂ π 1 (M ) a subgroup. The Scott core theorem implies that K is finitely generated iff it is finitely presented. In terms of the geometry of K as a subset of the Cayley graph of π 1 (M ) with its usual metric space structure, this says that K is large-scale connected iff it is large-scale simply connected.
If M contains no fake 3-ball and K is the kernel of a surjective homomorphism ρ : [25] says that K is finitely presented iff the covering M of M corresponding to the subgroup K is homeomorphic to a compact surface, which happens iff M fibers over a circle p : M → S 1 with ρ = p * . The following definition is found in [3] : Definition 2.9. Let G be finitely generated. For ρ : G → Homeo(S 1 ) a homomorphism, and X a choice of K(G, 1), an equivariant height function h ρ : X → R is one for which
for all p ∈ X and α ∈ G. Suppose we have chosen an equivariant cell decomposition of X. Define X h to be the maximal subcomplex of X contained in h
) to be the set of homomorphisms for which X h is k-connected for some X, h ρ .
Remark 2.10. Note that the connectivity of ρ −1 ([0, ∞)) ⊂ X might well depend on the choice of X.
Remark 2.11. Actually, Bieri studied the apparently broader classes of actions of G on R by homeomorphisms which are essentially isometric; that is, for which sup g∈G,I⊂R |length(gI) − length(I)| < ∞ It is not too hard to show that all such actions are monotonically equivalent to actions which are conjugate into Homeo(S 1 ); see e.g. [30] . Since monotone equivalent actions give rise to homotopic X h , no new information is gained by studying the broader class of actions.
Bieri, Neumann and Strebel in [4] proved a theorem analogous to Stallings' theorem, for irrational representations. (Bieri, Neumann, Strebel) . Since the link of an embedded edge is a normal 2-sphere, an efficient triangulation contains a single vertex. In particular, an M admitting an efficient triangulation is prime. Conversely, Casson [10] showed that every irreducible 3-manifold except RP 3 admits an efficient triangulation. This was established independently by Jaco and Rubinstein in [18] .
Theorem 2.12
In related work, also in [18] , Jaco and Rubinstein prove the following theorem: Let s be an unbounded 1-cochain with bounded coboundary. Suppose M can be written
is a free product, and s restricts to 1-cochains
are two conjugate inclusions, the fact that |δs| < ∞ implies that 
It is not true in general that either s 1 or s 2 is an unbounded 1-cochain, and the coboundaries therefore do not necessarily represent nontrivial elements of
We will assume without comment, throughout the rest of the paper, that M is irreducible. Given an unambiguous triangulation τ of M and s as before, we can choose an affine structure on the simplices of τ , and lift to an affine structure on the simplices of τ . We define a controlled extension s : M → R of s : π 1 (M ) → R by making s affine on each simplex. For each value r ∈ R not attained by the countable set s(π 1 (M )), the level set s −1 (r) ⊂ M will be a nonsingular normal surface Σ r . We suppose such a triangulation and extension s has been chosen in the sequel. 3.2. Normalizing level sets. As the coefficient t parameterizing a family of level sets Σ t passes through a vertex of τ , the topology of the level sets might change in a neighborhood of that vertex. If Σ r is a nonsingular level set, there is a normalizing procedure which we can perform, which guarantees that the topology of Σ r is uniformly bounded, but which does not affect essential combinatorial or coarse geometrical features of Σ r . This normalization just consists in perturbing those normal disk types in Σ r which come too close to a vertex to disks which are some uniform distance ǫ away from any vertex. This guarantees that the injectivity radius in Σ r is bounded away from 0, and pairs of points in Σ r do not come too close without being joined by a short arc in Σ r , without affecting the topology of Σ r or its normal surface type in M . From time to time in the sequel we will implicitly assume that our level sets have been normalized. For instance, with this convention, it follows that level sets are quasi-isometrically embedded in their t-neighborhoods, for any t; but without this convention, it is clear that level sets will only be coarsely quasi-isometrically embedded, because of the irregular small-scale topology of the Σ r .
THE GEOMETRY OF WEAKLY UNIFORM 1-COCHAINS
Throughout this section we will fix a weakly uniform 1-cochain s, and assume that we have made a controlled extension of s to M by making s affine on the simplices in the universal cover of an unambiguous triangulation. Let α ∈ π 1 (M ) be an unambiguous positive element which represents an edge of the triangulation in M . 
The linear upper bound follows from the estimate in lemma 2.7. To get the lower bound, observe that the gradient of S is uniformly bounded above.
Obviously every component of any Σ t is properly embedded; by hypothesis it is coarsely connected.
Lemma 4.2.
Suppose s is weakly uniform. There is a constant C so that for any α ∈ π 1 (M ) and any t, the translate α(Σ t ) is within Hausdorff distance C from the level set Σ t+s(α) .
Proof: Every point q ∈ Σ t is within distance a of some vertex β(p). Then
is uniformly bounded, and α(q) is a uniformly bounded distance from Σ t+s(α) . Conversely, any point in α −1 Σ t+s(α) is a uniformly bounded distance from some point in Σ t , and the lemma is proved.
It follows that if we choose some α with s(α) ≫ 0, the translates α i (Σ r ) are all disjoint. Moreover, for each i, the translates α i (Σ r ) and α (i+1) (Σ r ) are a finite Hausdorff distance apart, thought of as subsets of M . Moreover, since Σ 0 is coarsely connected by hypothesis, each Σ r is coarsely connected for a uniform coarse constant. Proof: Recall that there is some unambiguously positive edge α. It follows that
for every γ, so that every lift of this edge is positively oriented and transverse to the singular foliation of M by level sets Σ r . Choose r for which Σ r is nonsingular. Every component of Σ r is a normal surface in τ , and therefore intersects some positive edge e. We can join the top and bottom vertex of e to two infinite rays made up of translates of the unambiguously positive edge. This gives a bi-infinite properly embedded line l which maps homeomorphically by s to R, and intersects our component of Σ r (and therefore Σ r itself) at exactly one point.
Suppose there are two components A, B of Σ r and suppose without loss of generality that their positive sides are separated from each other. (Either the positive or negative sides must be separated from each other, since M is simply connected.) Let l A , l B be lines produced as above, intersecting each of A, B in exactly one point. Since s : l A , l B → R is a homeomorphism, it follows that there are components A ′ and B ′ of Σ t+r on the positive side of either of A or B for any t. Any path joining A ′ to B ′ must pass through A and B; such a path must therefore travel at least distance tC 1 − ǫ from Σ t+r , thus violating the fact that all the Σ t+r are coarsely connected for a uniform coarse constant. This contradiction proves the lemma.
Let l ⊂ τ 1 be the properly embedded infinite simplicial line transverse to the Σ r and passing through p which is made up of lifts of our unambiguously positive edge. Then l intersects every level set Σ r in exactly one point.
A natural compactification.
Definition 4.4. Let C denote the vector space of simplex-wise affine maps M → R, and let C 0 denote the quotient space C /R by the constant functions.
We give C the compact-open topology, and C 0 the quotient topology. Equivalently, the topology on C 0 is the subspace topology of the space of functions on pairs of points of M with the compact-open topology, since the difference between the value of c ∈ C on a pair of points is well-defined on the image of c in C 0 .
A 1-cochain s defines an element of C , and therefore of
Let S ⊂ C 0 be the closure of the projection of γ * (s) as γ ranges over π 1 (M ). Notice that every c ∈ S determines a 1-cochain c with |δc| ≤ 2|δs| by setting
Proof: It is clear that a subset of C 0 is compact if, for each pair of vertices µ(p), µν(p) of τ 1 joined by an edge which is a lift of ν, the difference |c(µ(p))−c(µν(p))| is uniformly bounded, over all µ and all edges ν. But for c ∈ S , c is a limit of c i where
Since there are only finitely many edges ν, a uniform bound exists, and S is compact.
Note that for c = c ′ in C 0 , the level sets of c and c ′ are identical. Moreover, for γ * i s → c some nontrivial sequence, the limit c is represented by some unbounded 1-cochain with bounded coboundary |δc| ≤ 2|δs| and c is weakly uniform or uniform iff s is.
Let us suppose that our unambiguously positive element α actually satisfied |s(α)| > 2|δs|. Then α is also unambiguously positive with respect to c. It follows that τ is an unambiguous triangulation for c, and therefore if s is weakly uniform, the level sets of c are connected, for any limit. Lemma 4.6. Suppose s is weakly uniform. Then the family Σ r are uniformly properly embedded. That is, each Σ r with its path metric is quasi-isometrically embedded in its t-neighborhood for any t, where the quasi-isometry constant is allowed to depend on t but not on r. Equivalently, there is a function f : (0, ∞) → (0, ∞) such that if q 1 , q 2 ∈ Σ r can be joined by a path γ in M of length t, then q 1 , q 2 can be joined by a path γ ′ in Σ r of length at most f (t).
Proof: Suppose there are a sequence of points r i , q i ∈ Σ ti whose distance in M is equal to some constant, but whose distance in Σ ti with its path metric goes to infinity. There are a sequence of elements α i ∈ Γ so that α i (r i ) and α i (q i ) converge to r, q. The elements α * i s contain a subsequence which converge in S to some s ′ ∈ S . Since
and therefore they are joined by a path γ in a level set of s ′ . It is easy to see that for large i, the points r i , q i can be joined by paths γ i contained in level sets of α * i s which are contained in the simplicial star of γ. Consequently, the length of the γ i is bounded, contrary to the definition of the sequence r i , q i , and the Σ t are uniformly properly embedded.
Since each Σ r is uniformly properly embedded, it is quasi-isometrically embedded in its t-neighborhood, for any t. Of course, the constant of quasi-isometry might depend strongly on t. For any p, q ∈ Σ r there is some α ∈ π 1 (M ) for which
It follows that the Σ r have the following coarse homogeneity property: there are uniform constants k, ǫ, r so that for any points p, q ∈ Σ r there is a coarse (k, ǫ)-quasiisometry from i p,q : Σ → Σ so that i p,q (p) is within distance r of q. For, find α taking p a bounded distance from q as above, and project α(Σ r ) to Σ r by the nearest point map (this is not necessarily continuous, but the image of every point is well-defined up to a uniformly bounded distance in Σ r ). One can check that such a map is a coarse quasi-isometry with the desired properties. A big source of examples of spaces with the coarse homogeneity property are universal covers of compact spaces, but it is probably not true that these are the only examples.
Example 4.7. Let T n be the infinite n-valent tree. Let f, g be Busemann functions on T 3 and T 4 respectively taking integer values on vertices, and let Σ ⊂ T 3 ×T 4 be the 1-skeleton of the subcomplex where f − g is equal to 0. Then Isom(Σ) is transitive on the vertices. But it is conjectured that Σ is not quasi-isometric to any Cayley graph. We learned this example from Oded Schramm. Proof: Choose Σ r to be a nonsingular level set. Suppose Σ r has at least two ends. Then we can certainly find a curve γ ⊂ Σ r separating two ends of Σ r ; such a γ is characterized by the fact that it is separating but homologically nontrivial in Σ r .
Of course, γ is homologically trivial in M and bounds an embedded surface K. Let p, q ∈ Σ r on the two sides of γ and very far from K. In fact, K is compact, and only intersects finitely many translates of the unambiguous line l; without loss of generality, we can assume p and q pass through translates α(l) and β(l) which do not intersects K. Since K is compact, there are level sets Σ r + and Σ r − with r − < r < r + which avoid K. These level sets are connected, and intersect both α(l) and β(l), so we can make a loop µ out of segments of α(l), β(l) and paths in Σ r ± . Then µ does not intersect K, so the loops µ and γ are unlinked. It follows that µ bounds a surface E which does not intersect γ. We wiggle E, keeping its boundary fixed, to be transverse to Σ r . Then the intersection E ∩ Σ r is a finite union of circles and intervals. But ∂E intersects Σ r only at p and q. So there is a unique interval in E ∩ Σ r , which is a path ν joining p to q. By construction, E, and therefore ν, does not intersect γ, contradicting the choice that γ separates p from q. This contradiction shows Σ r has only one end. But every other level set is coarsely quasi-isometric with its path metric to Σ r , and therefore also has only one end.
. µ and γ are unlinked, so some Seifert surface E for µ avoids γ. Then E ∩ Σ r contains an interval ν, as well as possibly some circles ν 1 , ν 2 .
Weakly uniform versus uniform.
We make the following conjecture:
This conjecture is motivated in part by the Scott core theorem, which says that a 3-manifold group which is finitely generated is finitely presented. It is an easy observation, made for instance in [17] that a subgroup H of a finitely presented group G is finitely generated iff H is coarsely connected as a subspace of Cayley(G), and is finitely presented iff H is coarsely simply-connected as a subspace of Cayley(G).
If s : G → R is a cochain with bounded coboundary, the subset s −1 (I) ⊂ G is a kind of "coarse kernel" for the approximate homomorphism s. Thus the Scott core theorem is one motivation for conjecture 4.9.
Note that conjecture 4.9 is definitely a conjecture about 3-manifold topology, and is very far from true for cochains on arbitrary finitely presented groups. In fact, the conjecture is not even true at the homological level, as the following example of Stallings from [24] shows:
that is, G n is the direct sum of n copies of the free group on 2 generators. If we write F 2 = x, y and think of Z additively, there is a homomorphism φ :
by letting Φ n restrict to φ on each of the F 2 factors of G n . The group K n = ker(Φ n ) is coarsely (n − 1)-connected, but not coarsely n-connected.
Another motivation comes from the theory of taut foliations. The translates of the line l determine a kind of coarse volume preserving flow on M . By construction, every nonsingular level set Σ r intersects l and its translates with positive orientation; it follows that there is a degenerate weight on the edges of τ with the property that compact subsurfaces of Σ r are weight minimizing in their relative homology class (of surfaces in M with the same boundary). Thus the "foliation" of M by nonsingular level sets Σ r is geometrically taut, at least with respect to the degenerate weight determined by l. The foliation by connected components of the level sets is not invariant under the action of π 1 (M ), but by lemma 4.2 it is approximately invariant. One would like to adapt Novikov's theorem to this context and conclude that the leaves of the foliation are coarsely simply-connected.
The first step towards realizing this program might be to get some kind of control on the translates of l.
Definition 4.11.
A contractibility function for M is a proper monotone function f :
Note that M admits a contractibility function. For, otherwise there are a sequence of loops γ i of length ≤ t for some t for which the diameter of the smallest spanning disk goes to ∞ with i. But after composing with a sequence of elements α i ∈ π 1 (M ), the loops α i (γ i ) contain a convergent subsequence, limiting to some loop γ. Since M is simplyconnected, γ bounds a disk D; all nearby α i (γ i ) bound disks which are perturbations of D, and therefore have uniformly bounded diameter. . That is, if we parameterize l by t, we have
for any α i an edge of τ . Suppose further that g has the property that
for some contractibility function f for M and appropriate constants c 1 , c 2 , c 3 . Then s is uniform.
Proof: Let γ be a loop in Σ r , and suppose γ bounds some disk D in M . Let D be chosen with the property that T γ = sup p∈D |s(p) − r| is close to minimum. We perturb D to be simplicial, and consider it triangulated by faces of τ . We will show that T γ can be uniformly bounded independently of γ.
Let E c ⊂ D be the subset of points p in D for which |s(p) − r| > c, and choose c so that
for some small ǫ. Note that such a c exists, by hypothesis. Then for v a vertex of D, define π(v) ∈ Σ r by following the translate of l through v until it intersects Σ r . If ∆ is a triangle in E c with side lengths 1, then π of the vertices of ∆ will be distance at most g(c 2 u + c 3 ) apart for some constants c 2 , c 3 , where |s(v) − r| = u > c. It follows that we can join the vertices π(v) for v a vertex of ∆ by paths of length g(c 2 u+c 3 ) to form a loop of length ≤ 3g(c 2 u+c 3 ), which bounds a disk π(∆) of diameter f (3g(c 2 u + c 3 ) ). These disks can be pieced together, and define a new disk D ′ = π(D) which bounds γ. By lemma 4.1, it follows that for ∆ ⊂ E c , and for all p ∈ ∆,
for some constant C ′ . But u > c by hypothesis, so
For ǫ ≪ 1/C ′ it follows that for any p ∈ E c , we have
and consequently, for any such p we have |s(π(p))−r| ≪ T γ . Since T γ was approximately minimal, we must have E c empty; that is, D is contained in a bounded neighborhood of Σ r , and Σ r is therefore coarsely simply-connected.
Remark 4.13. A special case where the theorem above would apply is g(t) = constant; that is, if the lines l, α i (l) fellow-travel. By contrast, for M hyperbolic, the lines l, α i (l) will diverge exponentially fast for any α i which does not stabilize l. It might be possible to show directly that an M for which g grows sufficiently fast has a universal cover with some good geometric properties.
Dually, if we have some kind of a priori geometric control over the level sets Σ r we can use the method of Goodman and Plante [16] to get a great deal of information. Proof: For N a complete noncompact manifold with bounded geometry (and therefore infinite volume), the condition that λ 0 vanishes is equivalent to the vanishing of Cheeger's constant h(N ), defined by
where E runs over all null-homologous codimension one surfaces in N and N (E) is the bounded region of N − E (see e.g. [12] ).
Since Σ r is 1-ended, for any sequence e i of separating curves which bound a region S i with |e i |/|S i | → 0, we can consider the projections π(S i ) ⊂ M as the support of singular de Rham currents
The space of de Rham currents with total mass 1 is compact, so we can extract a convergent subsequence, which converges to some de Rham current c. Since the length of ∂S i = e i grows like o(area(S i )) by hypothesis, the mass of the de Rham currents ∂c i goes to 0, and therefore c is a nontrivial de Rham cycle. If which is Poincaré dual to some µ ∈ H 1 (M ; R). We claim µ defines a uniform cochain. By theorem 2.12, since µ defines a homomorphism from π 1 (M ) to R, it is uniform iff it is weakly uniform, and M is homotopy equivalent to a surface bundle over S 1 . Note that µ(α) > 0 by construction, and since µ is a homomorphism, α is unambiguously positive, and τ is an unambiguous triangulation for µ.
Now if β is a loop in M lifting to a path
We can assume that the length of β is small compared to the area and injectivity radius of most points in S i , for large i. It follows that β intersects a translate γ(S i ) at most once, counted with signed multiplicity, unless β is quite close to the boundary of γ(S i ), where it might possibly wind O(|β|) times around a boundary component and intersect γ(S i ) O(|β|) times. It follows that we can estimate
For large i, the area(S i ) term dominates. It follows that |µ(β)| is bounded by a constant depending only on ǫ, where β ⊂ N ǫ (Σ r ). In particular, each level set Σ r is contained in µ −1 (I r ) for some interval I r ⊂ R of bounded length. Conversely, every point in Σ r is a bounded distance from a translate of l. But by construction the edge α is unambiguously positive for µ, so for any t ∈ R, the level set µ −1 (t) is contained in s −1 (J t ) for some interval J t ⊂ R. It follows that the level sets of µ and of Σ r are a finite Hausdorff distance away from each other, and therefore µ is weakly uniform. But this implies µ is uniform, and therefore so is s. Since µ is uniform, M (or something obtained from M by reducing fake 3-balls) fibers over S 1 , and the universal cover of the fiber is coarsely quasi-isometric to either H 2 or E 2 . But the universal covers of these fibers are a finite Hausdorff distance away from the level sets of µ, and therefore have amenable growth. This implies that the fibers of the fibration of M over S 1 are tori, as required.
Of course, the orientability condition is not really necessary, and can be achieved by passing to a double cover. This does not affect the geometry of s : M → R. It follows from theorem 4.14 that for s a weakly uniform 1-cochain, either M is homotopic to a torus bundle over S 1 or the level sets are uniformly negatively curved in the sense of Gromov.
Remark 4.15. A significant obstacle to proving conjecture 4.9 is the lack of a well-defined coarse universal cover Σ r of a coarse level set Σ r . Such an object would be coarsely simply-connected, Gromov negatively curved, and coarsely homogeneous, and one expects it would be coarsely quasi-isometric to H 2 . The approximate action of the "deck group" on H 2 would give an actual action on S 1 ∞ , which would commute with the ideal extensions of the lifts of coarse quasi-isometries from Σ r to itself certifying its coarse homogeneity. If the deck group was large, this would produce lots of quasi-flats in the space of (k, ǫ) coarse-quasi-isometries of Σ r to itself, and one could derive a contradiction. One could try to define a deck group as the quotient of π 1 (Σ r ) by the normal subgroup generated by all elements represented by short loops in Σ r . The trouble is that there might be lots of loops of ambiguous size, and the elements α with s(α) small that produce coarse quasi-isometries of Σ r to itself might take loops in and out of this ambiguous class. However, if there are large gaps in the geodesic spectrum of Σ r , then one can unambiguously differentiate short geodesics from long geodesics, and obtain a well-defined coarse universal cover in this case.
THE GEOMETRY OF UNIFORM
1-COCHAINS 5.1. Compressing level sets. Throughout this section we let s denote a uniform 1-cochain. Lemma 5.1. Let s be a uniform 1-cochain. Then for any r, there is a uniform t so that π 1 (Σ r ) is normally generated by loops of length ≤ t.
Proof:
Let γ be a loop in Σ r . Since s is uniform, there is a uniform ǫ so that γ bounds a disk D contained in N ǫ (Σ r ). We can triangulate D by a triangulation σ where each simplex of σ has diameter ≤ 1. For each vertex v ∈ σ 0 , let p(v) denote a point in Σ r within distance ǫ from v. Then for each edge e ∈ σ 1 joining v, w we can let p(e) be a shortest path in Σ r joining p(v) to p(w). Since Σ r is quasi-geodesically embedded in its ǫ neighborhood, for any ǫ, the length of each p(e) is bounded by some uniform t/3. It follows that γ can be written as a product of loops in Σ r of length ≤ t.
Remark 5.2. Notice that the map p in this lemma is really just π from theorem 4.12. The fact that we know a priori that D is contained in N ǫ (Σ r ) means that translates of l can only diverge a uniformly bounded amount before intersecting Σ r , so we don't need any control of the asymptotic rate of divergence of l to control the geometry of p(D). 
for some slightly larger ǫ ′ , such that N is homeomorphic to R 2 × I, and with its path metric, N is uniformly properly embedded, and therefore quasi-isometric to Σ r .
Proof: By lemma 5.1 we know that π 1 (Σ r ) is normally generated by the set of loops in Σ r of length ≤ t, for some t. We thicken Σ r slightly to a product neighborhood N 0 = Σ r × I and proceed to inductively attach 2-handles to N 0 .
If γ is a loop in N 0 of length ≤ t, it bounds a disk D γ in N ǫ (Σ r ) of diameter Ct for some constant C. If γ 1 is nontrivial in N 0 , the loop theorem says that there is a nontrivial embedded loop γ ′ in ∂N 0 contained in a neighborhood of D γ which bounds a disk D ′ in M −N 0 contained in a neighborhood of D γ . In particular, the length of γ ′ and the diameter of D ′ are uniformly bounded by a constant multiple of t, independent of γ. We can attach a 2-handle to N 0 along γ ′ to get N 1 . Then
where N γ ′ denotes the normal closure of γ ′ .
We can then pick another short loop γ, derive another γ ′ embedded and nontrivial in ∂N 1 bounding a disk in M − N 1 , and attach another 2-handle there to get N 2 . Since γ is chosen again in Σ r ⊂ N 1 , the disk it bounds lives in N ǫ (Σ r ), and therefore we have N 2 ⊂ N ǫ (Σ r ), even though a priori from the values of s on N 1 we don't know that every loop in N 1 bounds a disk in N ǫ (Σ r ).
Notice that for any compact subsurface S ⊂ Σ r that S × I is a handlebody. Each compression reduces the genus of these local handlebodies, and therefore the sequence of compressions N i → N i+1 is locally finite. Thus the restrictions of the manifolds N i to any compact subset of M are eventually finite, and there is a well defined limit
By construction, N ∞ is properly embedded in M and π 1 (N ∞ ) = 1. Let B i be the connected components of M − N ∞ . Since Σ r has only one end, the same is true of N ∞ . Since N ∞ is simply-connected and one-ended, all its boundary components are planes or spheres, and therefore each B i is topologically a ball. We show that there are exactly two B i , which we can call B ± , which contain points p with |s(p)| arbitrarily large.
Firstly, there are at least two such regions, since Σ r separates the region of M where s > r from the region where s < r, and N ∞ ⊂ s −1 (I) for some compact I. Now, suppose B i , B j are two distinct regions which contain points p, q with s(p) > I and s(q) > I. There is a path in Σ s(p) from p to a translate of l, which is containined in a segment which is itself contained in M − N ∞ and intersects Σ s(q) at some point. But Σ s(q) ⊂ ( M − N ∞ ), so it follows that p and q are in the same component. This proves the claim.
It follows that we can add to N ∞ the countably many balls B i which do not contain points p with |s(p)| large. Such subsets are all contained in N ǫ ′ (Σ r ). Let N denote the union. Of course,
Then N is non-compact, one-ended, simply-connected, properly embedded, and contains exactly two boundary components. It follows that N is homeomorphic to R 2 × I. Moreover, N is obtained as a union
where the 2-handles are of bounded diameter and are attached locally finitely, and the 3-handles have bounded thickness. That is, for each p ∈ B i there is a path in B i of length ≤ constant from p to ∂B i . This follows from the estimate |s(p) − r| < constant.
It follows that for any point p ∈ N there is a path of bounded length in N from p to q ∈ (Σ r × I) ∪ 2-handles. Each 2-handle has bounded diameter, and they accumulate only locally finitely, so q can be joined by a bounded sequence of bounded paths contained in attached 2-handles to a point r ∈ Σ r × I. But r can be joined by a path of bounded length to Σ r , which is uniformly properly embedded in M . It follows that N is uniformly properly embedded in M . This proves the lemma. 
Adding 3-cells to N ∞ does not affect the statement or conclusion of this lemma, so without loss of generality we may assume that we are working in
The space N ∞ is obtained from Σ r by a combinatorial procedure which is locally finite, and falls into finitely many local possibilities.
We would like to conclude that ∂N + is uniformly properly embedded. In fact, it might not be but we will see in this case how to modify N to N to accomplish this. If ∂N + is not uniformly properly embedded, there are a sequence of pairs of points p i , q i ∈ ∂N + such that d(p i , q i ) ≤ t but the distance between p i and q i in ∂N + goes to infinity. Since p i , q i ∈ ∂N + , we can find a pair of arcs γ i , δ i in B + joining p i , q i to points on Σ r+t for some large t. We take a sequence α i ∈ π 1 (M ) such that α i (p i ) is bounded in M . Suppose that the lengths of the arcs γ i , δ i is uniformly bounded. Then for some subsequence, α i (p i ) converges, α i (q i ) converges, the surfaces α i (Σ r ) and α i (Σ r+t ) converge, the arcs α i (γ i ), α i (β i ) converge and the manifolds α i (N ) converge on any compact set. Denote the limits by p, q, Σ, γ, β, N ′ . By hypothesis, the distance between p i and q i in ∂N + goes to infinity, and therefore p and q are contained in distinct components of
′ is contained in a bounded neighborhood of Σ, and is quasi-isometrically embedded in this neighborhood. Finally, the arcs γ, β intersect (N + ) ′ only at p, q and join p, q to points in Σ r+t , which is connected. But this implies that p and q are contained in the same component of (N + ) ′ , contrary to assumption. This contradiction shows that ∂(N + ) ′ is uniformly properly embedded, and therefore quasi-isometrically embedded in its ǫ-neighborhoods. In particular, it is quasi-isometrically embedded in N , and therefore a nearest point map defines a coarse quasi-isometry from N (and Σ r ) to ∂N + .
It remains to show that we can choose the lengths of γ i , β i to be uniformly bounded. In fact, we might not be able to do this, but we can modify N to N so this can be done. If the γ i say cannot be chosen to have uniformly bounded lengths, the limit p is contained in a point of ∂N ′ which is not one of the components ∂(N ± ) ′ . Let B be the complementary region to N ′ with p ∈ ∂B. The arcs α i (γ i ) certainly converge on compact subsets, so a limit γ is a properly embedded ray in B. It follows that ∂B is a plane. Since s is uniformly bounded on B, every point in B is a bounded distance from N ′ . Pick a large constant c, and let D(u) denote the ball of radius c about u ∈ B. Then the value of s on D(u) attains the values r ± t. Since by hypothesis there is no path in B from p to Σ r±t , the intersection ∂B ∩ D(u) must separate u from Σ r±t . We claim this implies that there is an exhaustion of ∂B by compact disks E i ⊂ ∂B such that the length |∂E i | is bounded.
Sublemma 5.5. ∂B is uniformly properly embedded in B.
That is, if x, y are points in ∂B which are joined by a short path in B, they are joined by a short path in ∂B.
Proof: If η is a short path in B joining x to y, then x and y are close in M . Since N , and therefore N ′ , is uniformly properly embedded in M , there is a short path ζ in N ′ from x to y. The loop η ∪ ζ is short, and therefore bounds a disk D of small diameter in M . Put such a disk in general position with respect to ∂B. Then the intersection with ∂B is a collection of circles and arcs. By construction, the intersection
It follows that there is an arc in ∂B ∩ D joining x to y. Since D and ∂B have bounded geometry, and the diameter of D is bounded, this arc is short. So x and y are close in ∂B, as required.
We return to the proof of our claim. If D is a disk in M , the inradius of a disk D is the number
where the distance is taken to be the path distance in D. Let K be a big compact disk in ∂B. Let D ⊂ B be a properly immersed disk whose inradius is minimal amongst all disks which bound essential loops in ∂B − K. If there is a point z ∈ D which is furthest in D from any point in ∂D, then there is a path σ ⊂ D passing through z and connecting points a, b ∈ ∂D which are far apart in ∂D. . If D is a disk with a big inradius, we can approximate a path σ that goes a long way from ∂D by a path τ ⊂ ∂B and cut D into two disks with smaller inradius, at least one of which has homotopically nontrivial boundary.
Let z i be a sequence of points in σ, close together and evenly spaced. Each z i is within distance c of some point y i ∈ ∂B. The points z i , z i+1 are close in B, so y i , y i+1 are close in B, and therefore by the sublemma, they are close in ∂B, so we can join the y i by a sequence of short arcs in ∂B which stay close to σ to make an arc τ ⊂ ∂B which stays close to σ, and which joins a to b. Note that short arcs joining z i to y i and z i+1 to y i+1 together with subarcs of σ and τ make up short loops which bounds small disks in B, or else by an innermost disk argument, we could find a big compact disk in ∂B with a small boundary, and the claim would be proved. So σ ∪ τ bounds a long thin strip S in B which is a thin neighborhood of either σ or τ . Then a, b split ∂D into two loops υ 1 , υ 2 . Since υ 1 ∪ υ 2 is nontrivial in B − K, then at least one of υ 1 ∪ τ and υ 2 ∪ τ is nontrivial in B − K. Such a nontrivial loop bounds a disk made from half of D and the strip S. By construction, such a disk has definitely smaller inradius than D, contradicting minimality of D. It follows that every point in D is a uniformly bounded distance in D from ∂D; note that this uniform bound is independent of the compact disk K.
It is easy to see that such a disk D is geometrically a thickened neighborhood of a tree T . Either the diameter of D is bounded, or some point p ∈ T will be close to points c, d ∈ ∂D which are far apart in ∂D. Basically, this is the Borsuk-Ulam theorem: a map from a circle to a tree must take a pair of antipodal points to the same image. But c, d
are close in ∂D; joining c to d by a short arc λ in D and a short arc ν in ∂B, spanning the union of these arcs by a small disk in B, and observing that ν together with one of the components of ∂D −(c∪d) is nontrivial in ∂B −K, we see that we can shorten |∂D| while keeping its inradius small and preserving the nontriviality of the boundary. In particular, a D with shortest such boundary will have a boundary of uniformly small length. This proves the claim. Now it is clear how to modify N ∞ to ensure that no regions such as B can occur as geometric limits: we must make sure that all short loops in N ∞ bound small disks in N ∞ . For, if ∂D with D as above bounds a disk D ′ ⊂ N ∞ , the union is an embedded sphere of bounded size which bounds a region in M of arbitrarily large diameter. Since M covers compact irreducible M , it is uniformly 2-connected, and such extreme spherical bottlenecks do not exist, or a limit of a sequence of such would be a reducing sphere.
But if γ ⊂ N ∞ does not bound a disk of small diameter in N , the loop γ is nontrivial in N ∞ ∩ K for some big compact set K. Since γ bounds a small disk in M , by the loop theorem there is a short embedded loop in ∂N ∞ which is nontrivial in ∂N ∞ ∩K but bounds a small embedded disk in ( M − N ∞ ) ∩ K ∩ N ǫ (Σ r ). We add a 2-handle to N ∞ along this embedded loop. As before, we can kill all the short loops which are locally nontrivial by a locally finite collection of 2-handles of bounded diameter and bounded geometry, and then plug bounded complementary balls with 3-handles as before to get N . By the argument above, ∂N has two planar components which are uniformly properly embedded, with their path metrics, in M , and are therefore coarsely quasi-isometric by a nearest point map to Σ r . 
Proof:
Since level sets are uniformly properly embedded and any pair are a finite Hausdorff distance apart, any two are uniformly coarsely quasi-isometric to each other, so we can assume without loss of generality that we have fixed a particular nonsingular Σ r . By lemma 5.4,
for some N = R 2 ×I and some ǫ where both inclusions are quasi-isometries. Moreover, N is quasi-isometric to either boundary component ∂N + say, which is topologically a plane of bounded geometry. But Σ r , and therefore ∂N + has the coarse homogeneity property.
It follows by theorem 7 of [19] that Σ r is coarsely quasi-isometric to either the Euclidean plane E 2 or the hyperbolic plane H 2 .
Remark 5.7. Theorem 7 of [19] as stated asks for the stronger assumption that the space in question is coarsely quasi-isometric to a finitely presented group. But an inspection of the method of proof reveals that the only assumption that is needed is that the space has the coarse homogeneity property, which as we remarked earlier, is probably a more general assumption.
Remark 5.8. Actually, by theorem 4.14 we know that unless M is a torus bundle over S 1 , the level sets of s have uniformly exponential growth. It follows easily, once we know that they are coarsely quasi-isometric to planes with some metric, that they are coarsely quasi-isometric to H 1. A pair of very full geodesic laminations Λ ± of H 2 which are transverse to each other and bind H 2 with transverse measures µ ± without atoms. 2. An automorphism Z : H 2 → H 2 which preserves Λ ± and multiplies the measures by k, 1/k respectively. 3. A uniform quasi-isometry i : M → H 2 × R with the following metric: each level set H 2 × n is isometric to H 2 , and is glued to H 2 × n + 1 by the mapping cylinder of Z whose fibers are normalized to have length 1. 4. A constant K such that for any α ∈ π 1 (M ), any t, and any p, q ∈ i −1 (H 2 × t), i(α(p)) and i(α(q)) lie on leaves H 2 × s 1 and H 2 × s 2 where
This section is devoted to proving the following theorem: This is a coarse analogue, and a substantial generalization, of the main theorem of [30] , but our proof will follow the more robust strategy of [5] . The proof consists of a series of steps, of two different kinds; the first kind of step involves an analysis of the action of a group of homeomorphisms of S 1 and is basically combinatorial. The second kind of step involves finding constraints on this action, coming from the geometry of the manifold and the (coarse) foliation. For steps of the first kind, the proofs in [5] are valid in the coarse context, since they concern only the combinatorics of the asymptotic action of π 1 (M ) on S 1 univ . Steps of the second kind require a little more elaboration in the context of uniform 1-cochains. The interested reader should consult [5] for a more detailed discussion of the issues involved in steps of the first kind.
By theorem 4.14, if a level set Σ r is coarsely quasi-isometric to E 2 , then M is homotopic to a torus bundle over S 1 . So we assume throughout the sequel that level sets Σ r are uniformly coarsely quasi-isometric to H 2 . Throughout the sequel we fix a nonsingular level set Σ r which we abbreviate by Σ. The proof will consist of a sequence of lemmas. Proof: By lemma 4.6 and theorem 5.6 for any Σ q the nearest point map Σ q → Σ r is a coarse quasi-isometry, whose modulus depends only on the difference |q − r|. Moreover, by theorem 5.6 and our assumption that M is not a homotopy torus bundle over S 1 , each level set is uniformly coarsely quasi-isometric to H 2 , so its ideal Gromov boundary is homeomorphic to S 1 , and we denote it by S 1 ∞ (Σ r ). Moreover, we know that α(Σ r ) and Σ r+s(α) are a finite distance apart in the Hausdorff metric, which is independent of r or α.
So if α ∈ π 1 (M ), the nearest point map
induces an ideal homeomorphism
The map α * does not depend on the choice of nearest point map from α(Σ) to Σ. In fact, if f, g are any two maps between α(Σ) and Σ which are a uniformly bounded distance apart, in the sense that for any p ∈ α(Σ), the distance d(f (p), g(p)) is uniformly bounded independent of p, then f extends to a map between ideal boundaries iff g does, and f and g induce the same map there. The property of pairs of maps of being a uniformly bounded distance apart induces an equivalence relation, which we denote f ∼ g.
In particular, if β ∈ π 1 (M ) is some other element, then we have
For, the equivalence class of n βα has the property that every point in βα(Σ) moves a uniformly bounded amount. The same is obviously true of both n β and n α on their respective domains, and therefore of their composition. It follows that
and there is a well-defined representation
is the unique ideal extension of α : Σ → α(Σ).
We denote S 2 . An element of S 4 determines and is determined by an ideal rectangle R in H 2 together with a preferred choice of initial vertex of R. Let mod(R) denote the modulus of the 4-tuple. That is, if the ordered vertices of R are a, b, c, d ∈ S 1 , there is a unique element ψ ∈ P SL(2, R) taking a, b, c to 0, 1, ∞ respectively. Then mod(R) = ψ(d).
Note that mod defines a continuous function on S 4 taking values in (−∞, 0), where the modulus must be negative because of the convention on the ordering of vertices. Usually we will work with |mod| = −mod for the convenience of having all positive values. We will say that the moduli of a set of rectangles R i ∈ S 4 are bounded if they are uniformly bounded away from 0, ∞.
We can let S 4 denote the union of S 4 with the space of distinct pairs of points, where we add limits of sequences R i of rectangles whose vertices converge in S 1 , and come together in pairs of points, not it threes. The function mod extends to S 4 , where it takes values in [−∞, 0]. If we topologize [−∞, 0] as the closed interval, this extension is continuous.
Notice that the topology on S 4 is not the usual Hausdorff topology on n-tuples of points in S 1 where n ∈ {2, 4}, since the way in which points converge determines the modulus of a limit.
Definition 6.4.
A group Γ of quasi-symmetric homeomorphisms of S 1 is renormalizable if for any sequence R i ∈ S 4 with |mod(R i )| bounded away from 0, ∞ such that there exists a sequence α i ∈ Γ with |mod(α i (R i ))| → ∞ there are sequences β i , γ i ∈ Γ such that γ i (R i ) are precompact in S 4 (in particular, their moduli are bounded away from 0, ∞),
A complete proof of the following theorem is found in [5] . We provide only a sketch of the proof here for the convenience of the reader, omitting some standard details. Theorem 6.5 (Thurston) . Suppose Γ is a renormalizable group of homeomorphisms of S 1 . Then one of the following three cases must be true:
1. Γ is conjugate to a subgroup of P SL(2, R). 
Sketch of proof:
The proof of theorem 6.5 relies on the proof of the convergence group theorem by Casson, Jungreis, Gabai, Tukia, Mess, Hinkkanen, Scott, etc. (see [11] and [13] ). Either Γ is uniformly quasi-conformal and therefore conjugate to a subgroup of P SL(2, R), or there is a sequence of ideal rectangles with bounded moduli whose images under elements of Γ have unbounded moduli. By the definition of a renormalizable group, this implies there is a precompact family of rectangles with bounded moduli with images a precompact family of rectangles and degenerate rectangles with unbounded moduli. We can extract convergent subsequences and find a fixed rectangle R and a sequence α i so that α i (R) limits to a "degenerate" rectangle -actually a geodesic l. There is a standard trick to replace R with a sequence of rectangles R i , which converge in S 4 , such that |mod(R i )| → 0 and |mod(α i (R i ))| → ∞. We subdivide R into R l , R r each with moduli approximately half that of R. Then at least one of the sequences α i (R l ), α i (R r ) has a subsequence of rectangles whose moduli converge in absolute value to ∞. Subdivide R l into R ll , R lr and R r into R rl , R rr and proceed inductively. By diagonalizing and extracting a convergent subsequence, we can find a sequence of words w i in the letters l, r with word lengths → ∞ (possibly quite slowly) such that |mod(R wi ) → 0 and |mod(α i (R wi ))| → ∞. By construction, the rectangles R wi contains a subsequence which converge to a geodesic m, and the rectangles α i (R wi ) converge to the geodesic l. Consider the unions L m , L l of the translates of m, l respectively. If some translate γ(m) intersects m, then if R wi → m, the sequence α i (γ(m)) → l. If l intersects β(l) for some β, then α −1 i β(l) intersects γ(m) for some i, and therefore we are in the third case of the lemma. Otherwise at least one of L m , L l is an embedded collection of geodesics, and its closure is an invariant lamination for Γ. Remark 6.6. Thurston's proof of this theorem proceeds as above, but once it obtains L m , L l , he either concludes that some element of L m intersects some element of L l , or else the closure of the unions of the boundaries of the convex hulls of connected components of L m and L l are nonempty Γ-invariant geodesic laminations. Our alternate proof above gets the stronger conclusion that one of the L m , L l themselves is dense in a Γ-invariant lamination.
Lemma 6.7. The action of π 1 (M ) on S 1 univ is renormalizable. Proof: This follows easily from the fact that each level set has the coarse homogeneity property. If we think of the R i and α i (R i ) as 4-tuples in the ideal boundary of Σ, we can translate the centers of gravity of the α i (R i ) to a compact region in M by elements β i which act on Σ by uniform quasi-isometries, and therefore distort the moduli of the α i (R i ) by only a bounded amount. Proof: If π 1 (M ) is conjugate to a subgroup of P SL(2, R) then a standard argument (see e.g. [28] ) implies M is homotopic to a Seifert-fibered or solv manifold. The second case is ruled out by the geometry of the level sets Σ t , since in a solv manifold, they would not be a bounded Hausdorff distance apart.
By theorem 6.5 and lemma 6.7 therefore, we need only consider the case that there are points x, y, z, w ∈ S 1 univ such that (x, z) links (y, w) and a sequence of 4-tuples R i with mod(R i ) → 0 converging to the geodesic m joining x, z and elements α i such that |mod(α i (R i ))| → ∞ converging to the geodesic l joining y, w as in the statement of theorem 6.5.
For any d there is a uniform k such that if α(Σ) is within Hausdorff distance d of Σ, then α acts on S 1 univ k-quasisymmetrically. Therefore for sufficiently large i, α i moves Σ a definite Hausdorff distance away, and in particular |s(α i )| ≫ |δs|, so α i is unambiguously positive, say. We can find a map of a cylinder φ i : C i → M such that (φ i ) * (π 1 (C i )) = α i . Construct φ i in the following way: from the dynamics of α i , it is clear that it has at least 4 fixed points, with one pair x i , z i near the pair x, z. For each level set Σ t we can pick a quasi-geodesic γ t asymptotic to the points in
is a bounded Hausdorff distance from γ r+s(αi and is therefore a bounded Hausdorff distance from γ. Let p j ⊂ γ with j ∈ Z be a net in γ, ordered according to the order they appear in γ, and let q j ⊂ α i (γ) be a net of points which are closest to γ. Then the distance in α i (γ) between q i and q i+1 is uniformly bounded. We can join p j to q j by a short loop σ j , and then span each of the short loops made up from σ j , σ j+1 and subarcs of γ, α i (γ) between p j , p j+1 and q j , q j+1 by small disks. This gives an immersion of a rectangle E i into M whose two boundary components map to γ and α i (γ) respectively, so this rectangle projects to an immersed cylinder in M , which we take to be φ i (C i ). A component C i of the cover is made up of the union
Suppose there is a β with the property that (x, z) links β(x, z). Then for sufficiently large i, the dynamics of α i on S 1 univ implies that the intersection of the planes C i and β( C i ) in each level set Σ t with t > 0 stays a bounded distance from the orbit of some p under α. In particular, the projection to C i of this intersection is contained in a compact subset of C i . But a self-intersection of a cylinder which is contained in a compact subset is periodic; it follows that β conjugates α i to α n i for some nonzero integer n. Since 3-manifold groups cannot contain Baumslag-Solitar groups by Shalen [23] , it is easy to derive a contradiction in this case, following lemma 5.3.7 from [5] . In particular, m does not link any of its translates. So the closure of L m is an invariant lamination of S 1 univ . Similarly, replacing α i by α −1 i , we see that the closure of L l is also an invariant lamination.
In the sequel we assume M is not homotopic to a solv manifold or to a Seifert-fibered 3-manifold.
Note that though π 1 (M ) acts on S 1 univ , it does not act on H 2 . However, we can find a map (not a homomorphism) of π 1 (M ) to Homeo(H 2 ) with the following properties.
Lemma 6.9. There is a map e :
whose image we can take to be a subset of the elements preserving Λ, and whose boundary values we can take to be the representation ι, such that for all k there is a t such that for all p ∈ H 2 and α, β ∈ π 1 (M ) act on S 1 univ k-quasisymmetrically, we can estimate d(e(α)e(β)(p), e(αβ)(p)) ≤ t Moreover, we have φ(α) ∼ e(α) for all α; that is, these elements are in the same equivalence class of maps modulo maps moving points a bounded distance, and the distance sup from the group qc(H 2 ) of quasi-conformal homeomorphisms of H 2 to the group qs(S 1 ) of quasi-symmetric homeomorphisms of S 1 . This homomorphism does not split, but it has many continuous sections as a map. One well-known section is the Douady-Earle extension, which is P SL(2, R) × P SL(2, R)-equivariant, for the natural action of P SL(2, R) on the left or the right on these two groups.
The Douady-Earle extension is defined as follows. For any probability measure µ on S 1 with no atoms, there is a unique point β(µ) ∈ H 2 called the barycenter of µ with respect to which the difference between µ and the visual measure from β(µ) is minimal. The Douady-Earle, or barycentric extension of h : S 1 → S 1 takes each point p to the barycenter e ′ (h)(p) = β(h * µ p ), where µ p is the visual measure on S 1 as seen from p. If h was k-quasi-symmetric, e ′ (h) is a K-quasi-isometry for the hyperbolic metric, where K depends only (and in an explicit manner) on k.
The Douady-Earle extension e ′ gives the appropriate estimate for the distance between e ′ (α)e ′ (β)(p) and e ′ (αβ)(p); for, the difference between these two maps is a 2K-quasiisometry from H 2 to itself whose boundary value is the identity. Such a map moves points a uniformly bounded distance. On the other hand, there is no reason to assume that it preserves the geodesic lamination Λ. Of course, the boundary values of e ′ preserve Λ, and the image of any geodesic l ⊂ Λ under e ′ (α) is a quasigeodesic e ′ (α)(l) a uniformly bounded distance from some geodesic ι(α) * (l) of Λ, where the size of this uniform bound depends only on the modulus of quasisymmetry of ι(α), and goes to 0 as the modulus of quasisymmetry of ι(α) goes to 0. Let
be the nearest point projection, and let
be defined as the limit of the average value of p α on big subsets. That is, for t ∈ l, and r large, we can let l r (t) denote the interval of radius r about t in l. Then giving ι(α) * (l) its usual affine structure as a geodesic in H 2 , we can define
i.e the limit of the average value of p α (e ′ (α)(x)) for x varying over l r (t), as r → ∞. Then we can define e(α)
It remains to define e(α) on H 2 − Λ. Since e(α) permutes the components of H 2 − Λ, it suffices to define the extension on a single complementary domain. If G is a complementary domain, the closure of G in
∞ is a conformal disk, and the same is true for the closure of e(α)(G). Moreover, e(α) is already defined on ∂G. So we can extend it to the interior by the Douady-Earle extension again. It is routine to check that this extension has the desired properties.
For elements α with uniformly bounded modulus of quasisymmetry (e.g. for that subset of π 1 (M ) which certifies the coarse homogeneity of Σ), lemma 6.9 lets us control distortion of very small distances in H 2 under the action of e(α), even though a priori we don't have any control over geometry in the small in a space which is merely coarsely quasi-isometric to Σ. Λ is non-empty, so consider some λ ∈ Λ. For any p i ∈ H 2 , there is a β ∈ π 1 (M ) with |s(β)| < const. such that any point on e(β)λ can be chosen to be within a bounded distance from p i . For q ∈ S 1 univ arbitrary, if we choose a p i close to q as seen from 0, then at least one end of e(β)λ is separated from 0 by the orthogonal geodesic to 0p i through p i . As p i → q, these orthogonal geodesics subtend a visual angle at 0 which converges to 0, and therefore the images of λ contain ends which converge to q. 
If p is a point in a boundary leaf λ of Λ then there is an ǫ neighborhood of p on one side of λ which does not meet Λ. Even more, it is a basic fact of hyperbolic geometry that there is a universal constant
such that every boundary leaf contains a point p which is isolated in its δ-neighborhood on one side. However, for any ǫ > 0, the subset D ′ only intersects finitely many leaves λ of Λ in points which are isolated in their ǫ-neighborhoods on one side. If λ ′ is an arbitrary boundary leaf, find a point p ′ with an isolated one-sided δ-neighborhood. Let q ′ ∈ Σ be a corresponding point under the quasi-isometric coarse identification. Then there is β with β(q ′ ) ∈ D. Since β takes Σ to a bounded neighborhood of Σ, we can control the modulus of quasi-symmetry of the action of ι(β) on S 1 univ , and therefore we can control the modulus of quasi-isometry for the action of e(β) on H 2 . So e(β)(p ′ ) lies within a uniformly bounded distance of D, and therefore we can take p ′ ∈ D ′ for some single choice of D ′ independent of λ ′ . There is a uniform δ ′ , independent of λ ′ , so that e(β)(p ′ ) is isolated in its one-sided δ ′ -neighborhood. It follows that e(β)(p ′ ) lies on one of only finitely many leaves, and the number of orbits of boundary leaves of Λ under π 1 (M ) is finite, as claimed. Now, let C be a complementary domain to Λ in H 2 . For any edge λ of ∂C and any t, choose a coarse quasi-geodesic λ t ⊂ Σ t .
If β ∈ π 1 (M ) then β(Σ r ) is a finite Hausdorff distance from Σ r+s(β) , and the nearest point map is a coarse quasi-isometry with distortion independent of r, β. It follows that the Hausdorff distance
where c is a constant independent of λ, β, t, and furthermore that the nearest point map between these two spaces is a uniformly coarse quasi-isometry. For each t, there is a point p t ∈ λ t corresponding to a point in λ which is isolated in some δ ′ -neighborhood on the side corresponding to C under the coarse identification Σ t ∼ H 2 . Then there is a β t ∈ π 1 (M ) translating p t to a fixed fundamental domain intersecting λ r ⊂ Σ for which e(β t )(λ) is one of only a finite number of possible leaves. It follows that there is a uniform t such that for each I ⊂ R of length t, there is β ∈ π 1 (M ) with s(β) ∈ I for which e(β)(λ) = λ. In particular, every boundary edge of a complementary domain to Λ has an infinite stabilizer in π 1 (M ), which projects by s to a net in R. Now, if C has infinite area, by lemma 6.10 it has infinitely many sides. These fall into only finitely many equivalence classes under the action of π 1 (M ). Suppose λ does not end in cusps on some side. Then the set of points in λ which are isolated in their δ-neighborhoods on some side is noncompact; in particular, there are infinitely many such points. It follows that for some constant c, the set of elements α i ∈ stab(λ) with |s(α i )| < c is infinite.
Any α i ∈ stab(λ) with |s(α i )| < c coarsely stabilizes level sets, and so acts by an approximate translation on λ t for any t. In fact, the Haudorff distance d H (α i (λ t ), λ t ) is bounded by a constant independent of α i , t. In particular, for any t and any q ∈ λ t , the set of translates α i (q) are all a uniformly bounded distance from λ t . In particular, if d(α i (q), α j (q)) is sufficiently large, the distance between the projections of these points to λ t will also be far apart.
In fact, for some fixed c, for any t and any q ∈ λ t , the set of nearest point projections of translates α i (q) with |s(α i )| < c are a k-net in λ t , where k is independent of t and q. For, pick some α ∈ stab(λ) with s(α) < c and β ∈ stab(λ) with s(β) ≫ c and consider words w i of the form
where w i has the property that there is a uniform c ′ such that for each subword w
′ . This proves the claim that the projections of translates are a net in λ t for some t; but by conjugating this set of elements by β j for j ∈ Z we see that the projections of translates are a net in λ t+js(β) for all j, and the claim is established. Now, if for any α i , α j , there are infinitely many integers k and q k ∈ λ k for which we have d(α i (q k ), α j (q k )) bounded, then choosing some sequence β k with β k (q 0 ) close to q k , and using the fact that M contains only finitely many homotopy classes of loops of any bounded length, it follows that
for some k, l. In fact, if π 1 (M ) does not contain a Z ⊕ Z, for any c 1 , c 2 , the set of k for which d(α i (q 0 ), α j (q 0 )) < c 1 and d(α i (q k ), α j (q k )) < c 2 is finite. So if π 1 (M ) does not contain a Z ⊕ Z subgroup, it follows that as i gets large, the spacing between consecutive translates of β i (q 0 ) by α i with α i ∈ stab(λ) and s(α i ) < c ′ also gets larger and larger. But this contradicts the claim proved above, and it follows that λ ends in cusps on both sides.
If λ ends in cusps, we still have elements β with s(β) large in stab(λ) (this just follows from the compactness of M and the finiteness of the number of orbits of boundary leaves) but there are no α ∈ stab(λ) with |s(α)| small and large translation length. In particular, stab(λ) has a Z subgroup of finite index, since if γ ∈ stab(λ) then the element
can only be one of finitely many elements.
Either a neighboring leaf of λ does not end in cusps -in which case we can find a Z ⊕ Z as above -or, we can inductively find a sequence of leaves λ i in ∂C with λ = λ 0 where λ i ∩ λ i+1 is a single endpoint of either. There is an α ∈ stab(∂C) taking λ 0 to λ i for some i = 0, since there are only finitely many orbits of boundary leaves. Then stab(λ) = stab(λ i ) for any i. Thus, αβ n α −1 ∈ stab(λ), so for some n, m we must have αβ n α −1 = β m by the remark above. By considering the value of s(·) on powers of these elements, we can conclude that n = m, and α, β n = Z ⊕ Z. This proves the lemma.
Since any invariant lamination of S 1 univ has complementary regions which are finitesided ideal polygons, the same is true for any minimal sublamination of Λ. It follows that Λ is obtained from a minimal sublamination by adding finitely many interior leaves. If L l , L m are as above, either L l and L m intersect -that is, we are in the third case of theorem 6.5 -or (apart from finitely many isolated leaves), one is contained in the other and therefore the closures of both contain the same minimal lamination. From the construction of L l , L m this puts many restrictions on the possibilities for the action of π 1 (M ) on S 
is uniformly bounded, independent of α, and similarly for
Proof: The existence of Λ ± with the appropriate topology is stated in lemma 6.12. Let β be an element with s(β) ≫ |δs| stabilizing the boundary leaf of some complementary domain, so that by lemma 6.13, some finite power of β is topologically pseudoAnosov. Pick some constant c such that for some p ∈ Σ t , the set of nearest point projections of α i (p) to Σ t as α i ranges over the elements of π 1 (M ) with |s(α i )| ≤ c is a κ-net in Σ t , for some κ. Of course, such a constant c exists, and we suppose it has been fixed. Note that for any other level set Σ t ′ and any q ∈ Σ t ′ , the set of nearest point projections of α i (q) to Σ t ′ is a κ ′ -net in Σ t ′ , for some κ ′ independent of t ′ . We are interested in studying {α i }-quasi invariant transverse measures on Λ + ; i.e. those transverse measures ν on Λ + which are locally finite, and for which the Radon-Nikodym derivative d(α i ) * ν/dν is bounded away from 0 and ∞ independently of α i .
Formally, for each constant u > 0, we define M u to be the space of invariant transverse measures on Λ + such that
It is important to note that this space is nonempty for sufficiently large u, since the modulus of quasi-isometry of e(α i ) is bounded for α i satisfying |s(α i )| < c. Let P M u be the projectivization of M u , and let M = u M u . Note that P M u is a compact convex set, for all u. For any ν ∈ M , and any β ∈ π 1 (M ), we can consider the measures ν, β * (ν), β 2 * (ν), . . . . Any β determines a projectivized map P β * : P M → P M but it is not necessarily true that P β * (P M u ) ⊂ P M u for any u. However, for any u, there is a v such that P β i * : P M u → P M v for all i. In particular, for any ν ∈ P M u , we can define P M (ν, β) to be the closed convex hull of the set of forward iterates P β i * (ν). This is contained in P M v , and therefore is a compact convex set. Moreover, by construction it is invariant by P β * , and therefore it contains a fixed point, which will be a projectively invariant measure for β with eigenvalue λ s(β) for some λ. If γ is some other element, there is a unique t such that s(γ n )/t n is bounded above and below. It follows that there is a real c such that s(β −cn γ n ) is bounded, and therefore the Radon-Nikodym derivative d((β −cn γ n ) * (ν))/dν is uniformly bounded away from 0 and ∞ independently of γ or n. In particular, ν is approximately projectively invariant for γ, with eigenvalue
We can similarly construct an approximately projectively invariant transverse measure ν ′ for Λ − with eigenvalue λ ′ for β. Since the laminations Λ ± are minimal, the support of ν, ν ′ are both nonsingular and full.
We would like to conclude that λ ′ = λ −1 . To do this, observe that the product of measures ν and ν ′ defines an area measure on H 2 foliated by the singular foliations F ± . The area of a large polygonal region R ⊂ H 2 bounded by leaves of Λ ± can be determined up to a constant factor by the number of singular points of F + ∩F − in its interior. But this number is invariant under the action of π 1 (M ), so the area measure ν ×ν ′ is approximately invariant. In particular, λ ′ = λ −1 .
Remark 6.15. The key to constructing ν, ν ′ is to find the appropriate compact space of projective measures for β to act on. One solution is given in the proof of theorem 6.14. Another approach is to use the theory of Riemann surface laminations. We have a coarse quasi-isometry of Σ to H 2 , and on H 2 we have a geodesic lamination Λ + which is invariant under a collection {α i } of uniform quasi-isometries with the property that the orbit of any point p ∈ H 2 under this collection of elements is a net in H 2 . In particular, we can embed H 2 in the space L of pointed hyperbolic spaces with geodesic laminations; that is, the points in L are pairs (point in H 2 , geodesic lamination of H 2 )/isometry Each element can be normalized by sending the point to the origin; this set is topologized by convergence of representative geodesic laminations in the equivalence class, on compact subsets. Then there is an isometric embedding
where [p, Λ] denotes the equivalence class of the pair (p, Λ). By the remarks above, the closure of i(H 2 ) in L has the natural structure of a minimal compact hyperbolic Riemann surface lamination L. Moreover, this Riemann surface lamination contains a leafwise geodesic lamination Λ which varies continuously in the transverse direction. We can study the space of projective invariant transverse measures on Λ which are Lipschitz with fixed constant in the transverse direction on L. Such a space is convex and compact; as before, the image of an admissible transverse measure under P β * might violate the bound on the Lipschitz constant, but the Lipschitz constants over all powers P β i * are uniformly bounded, and therefore P β * fixes some point, for any β ∈ π 1 (M ). For an introduction to the theory of Riemann surface laminations, see [27] or [15] . 6.4. Weak geometrization. In [1] Bestvina and Feighn proved a powerful theorem characterizing when the total space of a graph of Gromov hyperbolic spaces is Gromov hyperbolic. To state this theorem we need to introduce some preliminary definitions. Definition 6.16. A graph of spaces is a map X → Γ where X is a connected, locally finite cell complex and Γ is a locally finite graph. For each edge e of Γ, let X e denote the preimage of the midpoint of e, and for v a vertex of Γ let X v denote the preimage of the component of v of Γ cut open along the midpoints of all the edges. Definition 6.17. A graph of spaces X satisfies the qi-embedded condition if X e is uniformly (over e) quasi-isometrically embedded in X v , X w whenever v, w are the endpoints of an edge e in T . (Bestvina, Feighn) . Let X be a graph of uniformly Gromov hyperbolic spaces. Suppose that X satisfies the qi-embedded and hallways flare conditions. Then X is Gromov hyperbolic.
The proof is found in [1] .
We now have the tools we require to complete the proof of theorem 6.2.
Proof of theorem 6.2: By theorem 6.14, either M is homotopic to a solv, a Seifertfibered or a reducible manifold, or we can find a coarse pseudo-Anosov package for M as follows.
Fix a coarse identification of each Σ r with H 2 . For some large i, suppose s(β) ∼ i and then the composition of nearest point maps n β : β(Σ r ) → Σ r+i → Σ r determines a map Z i : H 2 → H 2 which can be straightened to preserve the singular foliations F ± . Since the action of each H * e(β) on H 2 is the composition of a uniform coarse quasi-isometry with some n β it follows that Z i approximately preserves the pair of projective invariant transverse measures on Λ ± which are nonsingular and have full support constructed in theorem 6.14, and multiplies these measures by approximately k ±1 for some k. In fact, by the method of theorem 6.14, Z i induces a projective transformation
